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Diffusion of charged particles in a stochastic force-free magnetic field
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P.N. Lebedev Physical Institute, Leninsky Prospect 53, Moscow 119991, Russia.
(Dated: December 3, 2018)
We study diffusion of charged particles in stationary stochastic magnetic field B with zero mean,
〈B〉 = 0. In the case when electric current is carried by electrons, the field is force-free, curlB =
αB, where α(r) is an arbitrary scalar function. In a small region where the function α and the
field magnitude |B| are approximately constant, the equations of motion of charged particles are
integrated and reduced to the equation of mathematical pendulum. The transition from trapped to
untrapped particles is continuously traced. Averaging over the magnetic field spectrum gives the
spatial diffusion coefficient D of particles as a function of the Larmor radius rL in the large-scale
magnetic fields (BLS) and magnetic field correlation length L0. The diffusion coefficient turns out to
be proportional to the Larmor radius, D ∝ rL, for rL < L0/2pi, and to the Larmor radius squared,
D ∝ r2L, for rL > L0/2pi. We apply obtained results to the diffusion of cosmic rays in the Galaxy,
which contains a large number of independent regions with parameters L0 and BLS varying in wide
range. We average over BLS with the Kolmogorov spectrum and over L0 with the distribution
function f(L0) ∝ L
−1+σ
0 . For the practically flat spectrum σ = 1/15, we have D ∝ r
0.7
m , which is
consistent with observations.
PACS numbers: 96.50.Bh, 96.50.S
I. INTRODUCTION
It is generally acknowledged that the propagation of
charged particles in the turbulent magnetized plasma has
the form of diffusion. This fact has many astrophysi-
cal applications, such as the problem of the cosmic rays
(CRs) lifetime in the Galaxy, diffusive shock accelera-
tion in supernova remnants, and the CRs propagation in
molecular clouds. However, to calculate the coefficient D
of the CRs spatial diffusion, many authors use approxi-
mate phenomenological models.
Depending on the energy particles can be divided into
magnetized, whose Larmor radius rL is much smaller
than the correlation length L0 of the magnetic field,
and non-magnetized. To a first approximation non-
magnetized particle moves along a straight line, which di-
rection slowly changes. The diffusion coefficient for non-
magnetized particles was calculated analytically, see for
example [1], where magnetic field is assumed to be delta-
correlated in time. To describe the motion of magnetized
particles is much more difficult. Magnetized particles are
divided into two types: trapped, many times reflecting
by magnetic mirrors, and untrapped.
Now the most developed approach for calculation of
diffusion coefficients for magnetized particles are the
quasilinear theory (QLT), proposed by Jokipii [2], and
its generalizations. In the QLT it is assumed that the
magnetic field is a sum of mean homogeneous field H and
random fluctuations δB, and δB ≪ H . So the particle
trajectory slightly deviates from trajectory in the mean
magnetic field. It allows one to find the pitch angle dif-
fusion coefficient and estimate the mean free path of a
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particle. However, this approach is correct only in case
of small fluctuations, δB ≪ H . But in many astrophys-
ical objects magnetic fluctuations are comparable with
mean field or even exceed it, δB > H . So the problem of
particle diffusion in magnetic field with large fluctuations
is of great practical importance.
In recent years it have been made attempts to extend
QLT to the case of large magnetic fluctuations. Sev-
eral generalizations of the QLT have been proposed. In
the paper [3] the second order quasilinear theory was de-
veloped. Similar to the QLT the value of a fluctuating
magnetic field is considered to be weak. The particle
trajectory is calculated up to the first order in δB. As a
result expression for D is calculated to the second order
in δB. Next, the results were extended to the case of large
fluctuations δB > H without any changes. Whereas the
expression for D in the standard QLT contains integral
of the delta function over the wave numbers k, the sec-
ond order QLT replaces it by an integral of the Gaussian
with the relative width δB/(Hµ), where µ is cosine of
the pitch angle. Clearly in the δB ≫ H limit one deals
with the function of a large width. This transition from
the delta-function to the function of a large width is at
least unjustified.
Matthaeus et al. [4] proposed another generalization of
the QLT, the Nonlinear Guiding Center theory (NLGC).
This theory makes two key assumptions. First, the pair
correlation function of particle velocities, 〈v(t)v(t′)〉, is
supposed to be known and depends only on a time dif-
ference t−t′. Second, a strong assumption about the spa-
tial distribution of particles is made, namely, the function
〈ei~k~r(t)〉 is written quite arbitrarily. This allows obtain-
ing an integral equation for the diffusion coefficient D⊥
transverse the mean magnetic field. It should be men-
tioned that NLGC, as well as many other generalizations
of QLT, is based on the assumption that particles move
2along the magnetic field lines. Actually, the problem
of random walk of magnetic field lines rather than the
problem of particle diffusion is solved. However, in real-
ity, only untrapped particles move along the field lines.
Thus the motion of a particle is no more described by
these theories, as the particle is trapped.
The main question studied in the aforementioned pa-
pers is the anisotropy D⊥/D‖ of diffusion coefficients.
The dependence of D‖ on the particle energy is often
assumed to be already known.
Dogiel et al. [5] calculated D by a different method.
They assumed that on the scale less than the correla-
tion length L0 of the magnetic field a magnetized parti-
cle moves along a straight line. That gives the estimate
of the diffusion coefficient D = v0L0. However, this as-
sumption is rather rough. This approach also takes into
account only untrapped particles, and possibly gives too
high value for the diffusion coefficient.
In some astrophysical applications the Bohm diffu-
sion approximation is used, see for example [6]. The
Bohm diffusion [7], DB = cT/(16eH) = v
2
T /(16ωc), is
the anomalous diffusion of particles transverse the mean
magnetic field H , related to their scattering by a plasma
turbulence. In this case the characteristic time of parti-
cle scattering τ is of the order of the cyclotron rotation
period τ = 16/(3ωc), rather than the time between clas-
sical collisions. Applying to the collisionless diffusion in
a random magnetic field, the term Bohm diffusion means
D ∝ rL.
An alternative way is to calculate particle diffusion
in the magnetic field numerically [1, 8]. The magnetic
field B(r) = H + δB(r) is realized on the discrete grid
in space. Fluctuations δB(r) are generated as the sum
of plane waves with random phases, polarizations and
directions. They correspond to a fixed spectrum over
wave vectors. The Kolmogorov spectrum is usually as-
sumed. After that the equations of particle motion in
this magnetic field are solved numerically. The results
are averaged over a large number of particles and mag-
netic field realizations. Authors observe transition from
the ballistic regime 〈∆r2〉 ∝ v2t2 to the diffusion regime
〈∆r2〉 ∝ Dt at large times, and measure the diffusion
coefficient. In [8] the diffusion coefficient for magnetized
particles in the magnetic field with the Kolmogorov spec-
trum and the arbitrary ratio δB/H was calculated. The
result of QLT was confirmed: D ∝ r1/3L .
However in recent years numerical calculations of par-
ticle diffusion provide us new interesting facts. First,
resolution increased due to growing computer power. In
the recent paper [9] the following approximation to the
numerical results was obtained
D‖ = 0.75v0rL +
1
3
v0L
H2
δB2
( rL
L0
)1/3
. (1)
At zero mean field, H = 0, this expression gives the
Bohm diffusion coefficient D ∝ rL. It should be noted
that in the process of magnetic field generation the range
of wave vectors, in which the sum is taken, usually does
not exceed kmax/kmin = 256. This limits the range of
variation of the ratio rL/L0 by two orders of magnitude.
The result D ∝ rL was confirmed in [10].
Second, in several articles magnetic field is calculated
as a result of direct numerical MHD simulations, instead
of generation as a given sum of waves. It started with
the paper by Beresnyak et al. [11]. In [12] two turbu-
lence models were used. In the model with compress-
ible forcing, the results reproduce the QLT. In the model
with solenoidal forcing, the results do not coincide with
existing theories. Even the power index varies with the
magnetic turbulence level. In [13] magnetic field is calcu-
lated as a solution of induction equation with prescribed
velocity. Authors found that the presence of magnetic in-
termittency changesD significantly. Thus there is a ques-
tion of the applicability of previous results with magnetic
field, calculated as a sum of plain waves to real turbu-
lence.
In any case, the analytical approach provides answers
regardless of numerical schemes and parameters, and has
a great importance for understanding the physics of dif-
fusion process in a random magnetic field.
The outline of the article is as follows. In Sec. II we
write out general equations and reproduce the result for
diffusion of non-magnetized particles. In Sec. III we de-
scribe our model of the force-free magnetic field and cal-
culate the diffusion coefficient for magnetized particles.
In the last Sec. IV we apply our results to cosmic rays
propagation in the Galaxy.
II. PARTICLE DIFFUSION
We consider a motion of a particle with charge q and
velocity v0 in a stationary magnetic field B(r). We
introduce the notations: B0, such that B
2
0 = 〈B2〉,
and b = B/B0. We also introduce the cyclotron fre-
quency of a particle in the magnetic field with magni-
tude B0, ωc = qB0/mcγ, where γ = (1 − v20/c2)−1/2.
The random magnetic field B(r) has zero mean value,
〈B〉 = 0, so its pair correlation function is isotropic
〈Bi(x)Bj(x+ r)〉 = Φij(|r|). It is a smooth function, de-
creasing at large distances r. The structure of the corre-
lation function Φij(r) was investigated in papers dealing
with the problem of the magnetic dynamo in a turbulent
conducting medium [14], as well as in turbulent weakly
ionized gas, from which molecular clouds consist of [15].
In the present paper we choose it in the form
〈Bi(0)Bi(r)〉 = B2LS
[
1−
(
r
L0
)2β]
, r < L0, (2)
and 〈Bi(0)Bi(r)〉 = 0 for r > L0. Here L0 is the correla-
tion length of the magnetic field, BLS is the magnitude
of large-scale magnetic field, β is the spectral index. For
the Kolmogorov spectrum β = 1/3.
3The particle motion is described by the equations
dri
dt
= vi, (3)
dvi
dt
= ωceiklvkbl.
Here eikl is the unit antisymmetric tensor. We assume
that the particle motion has diffusive character at large
times, i.e. 〈r2(t)〉 = 2Dt, where brackets 〈...〉 denote
averaging over random magnetic field realizations. Con-
sequently,
〈D〉 = 1
2
d〈r2〉
dt
= 〈rivi〉. (4)
Note that we deal with correlation functions at coincident
moments of time.
Large Larmor radius
In this subsection we consider non-magnetized parti-
cles, i.e. particles with large Larmor radius rL > L0. In
this case it is known that the diffusion coefficient is pro-
portional to the Larmor radius squared, 〈D〉 ∝ r2L, see
for example [1]. We briefly explain this result.
When a particle with a Larmor radius much greater
than L0 passes through one region with the size ≃ L0, it
slightly deviates from the straight line at a small angle
δφ. When the particle travels a large path s ≫ L0, its
motion becomes diffusive. We define τ the time it takes
a particle to deviate at an angle of about φ ≃ pi. Thus,
2Dφτ = pi
2, where Dφ is the angular diffusion coefficient,
Dφ = d〈δφ2〉/dt/2. And we have for the spatial diffusion
coefficient
〈D〉 = 1
3
v20τ =
pi2
6
v20
Dφ
. (5)
We define the deviation angle as (δφ)2 = δv2i /v
2
0 . To find
the angular diffusion coefficient we use the equations of
particle motion (3). We write
δvi(t) =
q
mcγ
∫ t
0
dt′eiklvkBl. (6)
Hence
1
2
d
dt
〈δφ2〉 = (7)
( q
mcγv0
)2 ∫ t
0
dt′eikleimn〈vk(t′)Bl(t′)vm(t)Bn(t)〉.
We assume that the particle velocity slightly deviates
from the initial velocity, vi ≈ v0i, and use the relation
〈vkvm〉 = v20δkm/3. As a result we get
1
2
d
dt
〈δφ2〉 = 2
3v0
( q
mcγ
)2 ∫ L0
0
dr〈Bi(0)Bi(r)〉. (8)
Using the magnetic pair correlation function (2) we have
Dφ =
4β
3(2β + 1)
v0L0
r2L
, (9)
where rL is a Larmor radius in large-scale magnetic field,
rL = v0/ωc for B0 = BLS. Now the spatial diffusion
coefficient is calculated from (5). Thus, if the random
magnetic field is a superposition of regions with the same
correlation length L0 and the same magnitude of large-
scale magnetic field BLS, we have for the particle with
rL > L0/2pi
〈D〉 = pi
2
6
v20
Dφ
=
pi2(2β + 1)
8β
v0r
2
L
L0
. (10)
III. FORCE-FREE FIELD
A. Particle motion
It is known that the electric current in a plasma is
created by electrons. Then, in the absence of an electric
field, the Ampere force acting on the electrons must be
zero due to the low mass of the electrons, j ×B = 0. In
this case the magnetic field is force-free, curlB = αB.
Due to ∇ curlB = 0, we have
∇(αB) = α∇B+B∇α = B∇α = 0,
so value of α(r) is constant along the magnetic field
line, and the magnetic field is orthogonal to the vec-
tor ∇α. We choose the z axis along the direction ∇α,
then Bz = 0. Magnetic field lies in the plane (x, y),
which is orthogonal to the axis z and have components
Bx, By. From the equation curlB = αB we obtain re-
lations ∂Bx/∂z = αBy and ∂By/∂z = −αBx. It follows
that B2x +B
2
y = B
2
0 = const(z). The local magnetic field
then has the following configuration
B(r) = B0
(
sin
∫ z
α(z′)dz′, cos
∫ z
α(z′)dz′, 0
)
. (11)
This configuration is reproduced when z increased by z⋆,
such that
∫ z⋆
0
α(z′)dz′ = 2pi. Therefore, it is sufficient
to consider the motion of charged particles in the region
0 < z < z⋆ only. Such a small region we call a magnetic
cell in the following. In one cell the magnetic field lies
in the (x, y) plane, but its direction changes with z. We
assume that the magnetic field in the whole system is a
superposition of individual magnetic cells. But different
cells have different sizes z∗ (so different values of α), var-
ious directions of∇α and different values of the magnetic
field magnitude B0. First we determine the motion of the
charged particle in one magnetic cell. In the next sub-
section we will average over cells with various parameters
and orientations.
The advantage of this approach is that one cell is a
trap for charged particles in the z-direction. In order
4to show this we assume that on the interval (0, z⋆) the
function α(z) does not change strongly ∆α/α < 1/pi.
Then, introducing the mean value α¯ = 2pi/z⋆, we replace∫ z
α(z′)dz′ by α¯z. Since we will produce averaging over
α¯z, we omit the bar symbol above α in what follows.
The function of α(r) can depend on the transverse
coordinates (x, y) also. We define r⊥ =
√
x2 + y2
and choose the origin x = y = 0 at the point where
Bz = 0. Since ∇⊥α = 0 at r⊥ = 0, one can repre-
sent α = α0[1 ± (r⊥/l⊥)2] near the origin. Here l⊥ is
the characteristic scale of variation of α in the trans-
verse direction. Substituting this expression into equa-
tions curlB = αB and ∇B = 0, we obtain formulas for
Bz and δB⊥:
|Bz| ≃ 1
3
α0r
3
⊥
l2⊥
B0, |δB⊥| ≃ 1
12
α20r
4
⊥
l2⊥
B0.
We see that the longitudinal magnetic field grows as
Bz ∝ r3⊥. It prevents particles from moving in the trans-
verse direction far from r⊥ = 0, so r⊥ ≃ (v0/ωc)|B0/Bz|.
Thus, we obtain the following estimate for the longitudi-
nal magnetic field in one cell,
(
Bz
B0
)4
<
(
v0α
2piωc
)2
∇⊥
(
1
α
)
.
Here we express l⊥ through ∇⊥α. If the transverse gra-
dient of the longitudinal scale is not very large,
∇⊥
(
2pi
α
)
<
(
2piωc
v0α
)2
,
then the longitudinal magnetic field Bz is less than trans-
verse one B0. Actually, for magnetized particles, the
right-hand side of the last inequality is greater than unity.
Thus, for not very large gradients of α, one can assume
that Bz = 0. In the following we consider the particle
motion in the magnetic field
B(r) = B0 (sinαz, cosαz, 0) . (12)
We substitute the magnetic field (12) in the equations of
motion (3) and we have
dv
dt
= ωc

 −vz cosαzvz sinαz
vx cosαz − vy sinαz


The first two equations can be easily integrated
vx +
ωc
α
sinαz = C1
vy +
ωc
α
cosαz = C2
So the system is reduced to one equation for z(t),
dvz
dt
= −Cωc sin(αz − θ0), (13)
where we introduce the notations C = (C21 +C
2
2 )
1/2 and
θ0, defined by the equations C1/C = sin θ0, C2/C =
cos θ0. Introducing the new variable
ψ = αz − θ0, (14)
we reduce (7) to the equation of the mathematical pen-
dulum
d2ψ
dt2
= −αCωc sinψ. (15)
Integrating this equation we obtain the energy conserva-
tion law
v2z
2
− Cωc
α
cosψ = const
def
= W.
We define the new notation κ2 = 2Cωc/(αW +Cωc) and
we obtain
dψ
dt
= sign(vz)
2
κ
(αCωc)
1/2
(
1− κ2 sin2 ψ
2
)1/2
. (16)
In this expression sign(vz) = 1 at vz > 0 and sign(vz) =
−1 at vz < 0. We see that charged particles in a force-
free field are divided into two classes: trapped in the
z-direction (particles with κ > 1) and untrapped in the
z-direction (particles with κ < 1). The trapped parti-
cles oscillate between points ψ = ±2 arcsin(1/κ). The
characteristic amplitude of velocity oscillations in the z-
direction is δvz ≃ 2(ωc|v‖|/α)1/2. Here v‖ is the velocity
of the particle in the plane (x, y), where the magnetic
field lines lie. The characteristic amplitude of longitu-
dinal velocity oscillations is δv‖ ≃ ωc/α. In the strong
magnetic field, ωc > αv0, fluctuations of velocity compo-
nent vz of trapped particles are small, δvz < ωc/α. It
means that the Larmor radius δvz/ωc < 1/α is less than
the characteristic scale of the magnetic field inhomogene-
ity 1/α. Therefore, if the magnetic field is large enough
trapped particles undergo ordinary cyclotron rotation.
In an inhomogeneous magnetic field not all particles
undergo a finite motion, some of them have a nonzero
mean velocity in z-direction. The period of particle mo-
tion is not equal to the period of the cyclotron rotation,
2pi/ωc, though the magnetic field magnitude B0 is con-
stant. For example for particles on the separatrix κ = 1,
the period is infinite. So the inhomogeneity of the mag-
netic field affects the particle motion.
To calculate the diffusion coefficient according to (4)
we need to find a product rivi = xvx + yvy + zvz, and
average it over large number of particles, i.e. over the
initial conditions r(t0),v(t0). We assume that different
initial conditions are equally probable. Here and below
bar means averaging over initial conditions of the parti-
cle. It is different from and independent of the averaging
〈. . .〉 over the random magnetic field realizations, which
we will carry out in the next subsection. We write
vx(t) = C1 − ωc
α
sinαz(t),
x(t) = x0 +
∫ t
t0
dt′ vx = x0 + C1t− ωc
α
∫ t
t0
dt′ sinαz(t′).
5These expressions contain initial coordinate x0 and ini-
tial velocity vx0 of the particle. Because the x0 = 0, the
first term does not contribute to the expression for rivi.
However, as we will see below, the time for particle to
travel a certain distance z correlates with its initial posi-
tion, so the second term must be taken into account. We
have
xvx + yvy =
(
C − ωc
α
cos(αz(t)− θ0)
)
Ct
− Cωc
α
∫ t
t0
dt′ cos(αz(t′)− θ0)
+ (
ωc
α
)2
∫ t
t0
dt′ cos(αz(t)− αz(t′))
After calculating the integral, the right-hand side should
be averaged over the initial velocities of the particle. In
the first term, we express the final time t as
t =
∫ ψ
ψ0
dψ′
ψ˙
=
κ sign(vz)
2(αCωc)1/2
∫ ψ
ψ0
dψ′
(1− κ2 sin2(ψ′/2))1/2 ,
where ψ′ = αz(t′)− θ0. In the second and the last terms
we also pass to integration over ψ′. We introduce new
notations
a =
αv0
ωc
,
u =
C
v0
,
so a is the ratio of the particle Larmor radius v0/ωc to the
characteristic scale of the magnetic field inhomogeneity
1/α. As a result, we get
xvx + yvy =
κv20 sign(vz)
2(αCωc)1/2
×
[
(u2 − u
a
cosψ)
∫ ψ
ψ0
dψ′
(1− κ2 sin2(ψ′/2))1/2
− u
a
∫ ψ
ψ0
dψ′
cosψ′
(1 − κ2 sin2(ψ′/2))1/2
+
1
a
2
∫ ψ
ψ0
dψ′
cos(ψ − ψ′)
(1− κ2 sin2(ψ′/2))1/2
]
.
One can take the integrals in elliptic functions
1
2
∫ ψ dψ′
(1− κ2 sin2(ψ′/2))1/2 = F (ψ/2, κ),
1
2
∫ ψ
dψ′
cosψ′
(1− κ2 sin2(ψ′/2))1/2 =
2
κ2
(E(ψ/2, κ)− F (ψ/2, κ)) + F (ψ/2, κ),
1
2
∫ ψ
dψ′
cos(ψ′ − ψ)
(1 − κ2 sin2(ψ′/2))1/2 =
cosψ
[ 2
κ2
(E(ψ/2, κ)− F (ψ/2, κ)) + F (ψ/2, κ)
]
−
− 2 sinψ
κ2
(
1− κ2 sin2 ψ
2
)1/2
.
The force-free magnetic field configuration (12) is pe-
riodic with respect to coordinate z with the period 2pi/α.
We assume that a random force-free magnetic field is a
random superposition of such magnetic cells with a size
2pi/α, a random orientation and a random value of α.
Therefore, if the particle passes through one cell we have
ψ−ψ0 = 2pi · sign(vz). Substituting these limits into the
previous integrals, and taking into account that
E(
ψ0
2
+ pi, κ)− E(ψ0
2
, κ) = 2E(κ);
F (
ψ0
2
+ pi, κ)− F (ψ0
2
, κ) = 2K(κ),
where K(κ) and E(κ) are complete elliptic integrals of
the first and second kind respectively, we obtain
xvx + yvy =
2v20
ωca2
√
ua
(ua− cosψ0)×[
ua (κK(κ))−
(
2
κ
(E(κ)−K(κ)) + κK(κ)
)]
. (17)
We note that sign(vz) does not enter in the answer explic-
itly, because for vz < 0 we change the integration limits.
Expression (17) is valid for untrapped particles, κ2 < 1.
For trapped particles, κ2 > 1, we should analytically
continue the expression (17) into the region κ2 > 1. The
analytical continuation corresponds to integration over ψ
between turning points sin(ψ/2) = ±1/κ. We recall that
particles are trapped only in the z direction, but freely
move in directions x and y. As a result, we get
xvx + yvy =
2v20
ωca2
√
ua
(ua− cosψ0)×[
uaG1(κ)−G2(κ)
]
,
where
G1(κ) =
{
κK(κ), κ < 1,
K(1/κ), κ > 1,
(18)
G2(κ) =
{
2(E(κ)−K(κ))/κ+ κK(κ), κ < 1,
2E(1/κ)−K(1/κ), κ > 1. (19)
To calculate zvz, we consider trapped particles. Since
the particle velocity at the turning points is zero, we
have zvz = 0. Alternatively, for the pendulum we have
zvz ∝ ψψ˙ = 0.
6FIG. 1. Results of numerical calculations of F (a). By defini-
tion D(a) = v20F (a)/ωc, see (20). The parameter a is dimen-
sionless, a = αv0/ωc.
We should analytically continue this result onto un-
trapped particles, and finally we obtain for arbitrary κ
D(a) =
v20
ωc
F (a), (20)
where we introduce
F (a,v0, z0) =
2
a2
√
ua
(ua− cosψ0)
[
uaG1(κ)−G2(κ)
]
.
(21)
To proceed, we perform the averaging over the direc-
tion of initial velocity. We consider that the velocity
magnitude is constant, |v| = v0. Suppose that at the ini-
tial moment t0 the coordinate z(t0) = z0 and the particle
velocity is
vx0 = v0 sinϕ sin δ, vy0 = v0 sinϕ cos δ, vz0 = v0 cosϕ.
We introduce the notation z˜0 = αz0− δ, and express the
values u, ψ0, κ through ϕ, δ and z˜0,
u2 = sin2 ϕ+ 2a−1 sinϕ cos z˜0 + a
−2,
cosψ0 = cos(αz0 − θ0) = 1
u
(sinϕ cos z˜0 + a
−1),
κ2 =
4u
a cos2 ϕ+ 2u(1− cosψ0) .
We also see that F (a) does not depend on α except
through a. We average F (a) over ϕ, δ with uniform distri-
bution of initial velocities on the sphere and over z0 with
a uniform distribution on the interval 0 < z0 < 2pi/α,
F (a) =
α
8pi2
∫ 2π/α
0
dz0
∫ π
0
sinϕdϕ
∫ 2π
0
dδ F (a, ϕ, z˜0).
Since the parameters u, ψ0, κ depend only on cos z˜0 and
do not depend on z0 and δ separately, and the function
cos z˜0 is periodic, we take the integral over δ and get
F (a) =
1
2pi
∫ π/2
0
sinϕdϕ
∫ 2π
0
dz˜0 F (a, ϕ, z˜0). (22)
FIG. 2. Results of numerical calculations of F (a), see (20),
for a > 1 (solid line), logarithmic coordinates. Dashed line
shows the function ∝ a−0.65.
We calculate this integral numerically, the results are pre-
sented in Figures 1, 2. We mention that in the limit
a → 0 the integral (22) can be calculated analytically.
We have
F (a) =
pi
3
+ o(a), a→ 0. (23)
From Figure 1 we see that the asymptotics (23) gives
a good approximation for the function F (a) for a < 1.
For large values of a, a > 3, the function F (a) can be
approximated by power law
F (a) ≈ 3.6 a−0.65 (24)
with high accuracy, see Figure 2.
B. Averaging over the spectrum
After averaging over the direction of initial velocity
we have the expression for the diffusion coefficient which
depends only on the parameters α and B0 of the magnetic
field:
D(α,B0) =
v20
ωc
F (a),
where, we remind, ωc = qB0/mcγ, a = αv0/ωc. Next
we average D over the realizations of the random mag-
netic field, i.e. over the spectrum of magnetic fluctuations
B0(r). The spectrum must be consistent with the pair
correlation function (2), so we choose it to be a power
law
B0(r) = BLS
(
r
L0
)β
. (25)
Actually expression (25) describes the root mean square
of magnetic field fluctuations of scale r. Here BLS is the
magnitude of large-scale magnetic field and L0 is the cor-
relation length. For the Kolmogorov spectrum β = 1/3.
To average D over the spectrum we use the following
7FIG. 3. Numerical calculations of 〈D(A)〉 (28) for β = 0.2
(solid line), β = 0.33 (dotted line), β = 0.4 (dashed line).
The parameter A is dimensionless, A = 2pirL/L0.
model. We suppose that the scale r of magnetic field
variation is equal to the size of the magnetic cell, so we
choose α = 2pi/r and have a consistent formula
〈D〉 = 1
L0
∫ L0
0
dr D
(
α =
2pi
r
,B0 = B0(r)
)
. (26)
Here and below, the angle brackets 〈...〉 mean averaging
over the spectrum. We introduce the notations
ω0 =
eBLS
mcγ
, rL =
v0
ω0
for the cyclotron frequency ω0 and the Larmor radius rL
in the large-scale magnetic field BLS . We also introduce
the parameter
A =
2pirL
L0
.
Then, the averaging over the spectrum is given by
〈D〉 = v
2
0
L0
∫ L0
0
dr
F (a(r))
ωc(r)
.
For the choosen spectrum (25) ωc(r) = ω0(r/L0)
β ,
a(r) = A(r/L0)
−β−1, and we have
〈D(A)〉 = v0A
2pi
∫ L0
0
F (a)
(
r
L0
)−β
dr. (27)
Changing the variable in the integral we finally obtain
〈D(A)〉 = v0L0
2pi(β + 1)
∫ ∞
A
F (a)
(
A
a
)ξ
da, (28)
where the index is ξ = 2/(β + 1). For the fixed value of
β the result depends only on the parameter A.
Using the asymptotics (23) we treat this integral ana-
litically for A≪ 1 and get
〈D(A)〉 ≃ A
6(1− β)v0L0. (29)
FIG. 4. Numerical calculations of 〈D(A)〉 (28) for β = 0.33
(solid line). Dashed line shows the linear function 0.25A (see
the expression (30)).
We also calculated the integral (28) numerically for differ-
ent values of β, using the previously calculated function
F (a). The result is shown in Figure 3. We see that the
average diffusion coefficient weakly depends on β. So we
consider only the Kolmogorov spectrum β = 1/3 in what
follows. From Figure 4 one can see that 〈D〉 ∝ A for
A < 1. This is consistent with the analytical result (29)
and gives the Bohm diffusion coefficient, D ∝ v0rL.
For A > 1, Figure 3 shows a slow growth of 〈D(A)〉.
But as was shown in previous section, the diffusion coef-
ficient for particles with rL > L0 increases proportionally
to the square of the Larmor radius, i.e. 〈D〉 ∝ A2.
The reason for the discrepancy is the following. For
correct description of diffusion of particles with rL > L0,
it is necessary to consider the particle motion on the
scale much larger than L0, which contradicts the expres-
sion (25). Hence the results calculated from (28) are
applicable only for particles with rL < L0.
Adopting for the case A > 1 the result (10), we approx-
imately represent the diffusion coefficient for the Kol-
mogorov spectrum β = 1/3 as
〈D〉 ≃
{
(1/4)Av0L0, A < 1
(5/32)A2v0L0, A > 1.
(30)
We note that two cases practically coincide at the point
A = 1. One can rewrite this formula in terms of rL:
〈D〉 ≃
{
(pi/2)v0rL, rL < L0/2pi
(5pi2/8)(v0r
2
L/L0), rL > L0/2pi.
(31)
We see that diffusion of particles is primarily determined
by their motion in a large-scale magnetic field and weakly
depends on the spectrum of magnetic fluctuations. The
index β of the spectrum (25) enters only in the com-
mon factor in the function 〈D(rL)〉. Since the Larmor
radius of the particle is proportional to its rigidity R,
rL = R/BLS , then for small rigidities the diffusion co-
efficient is proportional to the rigidity (energy), D ∝ R,
and for large rigidities it proportional to the square of
8the rigidity, D ∝ R2. The result (31) has a simple phys-
ical interpretation. The diffusion coefficient of particles
is determined by their motion in a large-scale field (its
amplitude is maximal for the spectral index β > 0) and
it is the increasing function of the Larmor radius.
IV. DIFFUSION OF COSMIC RAYS IN THE
GALAXY
The structure of the magnetic field in the Galaxy is
much more complicated than represented in the equa-
tion (25). First of all there is nonzero mean magnetic field
〈B〉 6= 0 in some parts of the Galaxy. It’s likely essential
in the spiral arms. However, the observed high isotropy of
cosmic rays [16] indicates that regions with strong mean
magnetic field do not have significant impact on the cos-
mic rays propagation in the whole Galaxy. Below we
discuss the motion of charged particles in a purely ran-
dom magnetic field. We also consider the magnetic field
to be force-free. This assumptrion does not greatly limit
the application of our analytical results for the cosmic
rays diffusion in the Galaxy.
The Galaxy consists of a large number of regions, and
magnetic fields in different regions are not correlated. We
assume that inside each region the turbulent magnetic
field has the Kolmogorov spectrum (25) with β = 1/3,
but the parameters BLS and L0 are different in differ-
ent regions. It is known that the large-scale magnetic
field varies in a wide range, 10−6G ≤ BLS ≤ 10−4G.
Besides the region size L0 also varies in a wide range,
from ∼ 1012 cm to the size ∼ 100 pc of large molecular
clouds or clouds of ionized gas. Therefore it is necessary
to average particle motion over different regions having
different values of the correlation length L0 and magni-
tudes of large-scale field BLS . Let the value of L0 varies
from zero to the maximum scale Lm. We denote by f(L0)
the distribution function of sizes L0 of the magnetic field
regions,
dN = f(L0) dL0, (32)
where dN is the number of regions with size L0. Suppose
that f(L0) is a decreasing power function (it is normal-
ized to unity),
f(L0) = σL
−1
m
(
L0
Lm
)σ−1
, 0 < σ < 1. (33)
For σ ≪ 1 we have a practically flat spectrum: the
number of objects in the range 0 < L0 < L1 equals
N(L1) = (L1/Lm)
σ ≃ const(L1). It is naturally to ex-
tend the dependence (25) on large scales when choosing
a distribution of magnetic field amplitudes
BLS = Bm
(
L0
Lm
)β
. (34)
Here Lm is the maximum scale, Bm is the maximum am-
plitude of the magnetic field. In regions with different
amplitudes of the magnetic field the particle has a dif-
ferent Larmor radius. The distribution over the Larmor
radii corresponds to the distribution over the magnetic
field, rL = rm(L0/Lm)
−β , where rm is the Larmor radius
of the particle in the field Bm, rm = v0mcγ/qBm. We
introduce the magnetization parameter of the particle in
the magnetic field Bm,
ρ = 2pi
rm
Lm
. (35)
We will focus on particles with ρ < 1, i.e. magnetized in
the maximum magnetic field. The average diffusion coef-
ficient is a sum 〈D〉 = D1+D2, where D1 and D2 are the
diffusion coefficients averaged over regions where the par-
ticle is non-magnetized and magnetized correspondingly.
Indeed, D ≃ v0λ, so when the particle moves through
different regions with different average mean free paths
λ1 and λ2, the total mean free path is equal to their sum,
λ = λ1 + λ1, and similarly for the diffusion coefficients.
The particle is magnetized in some region if
rL < L0/2pi. This condition is fulfilled in regions with
size L0 > Lcr, where
Lcr = Lmρ
1
1+β . (36)
If L0 < Lcr particles are non-magnetized, and the diffu-
sion coefficient is determined by the angular diffusion
D1 =
pi2
6
v20
〈Dφ〉 , (37)
where we must substitute the value of Dφ averaged over
different scales L0
〈Dφ〉 =
∫ Lcr
0
dL0 f(L0)Dφ(L0) =∫ Lcr
0
dL0
σLσ−10
Lσm
4β
3(2β + 1)
v0L0
r2m
( L0
Lm
)2β
=
16pi2
3
σβ
(2β + 1)(2β + σ + 1)
v0
Lm
ρ
σ−1
1+β
Then
D1 =
(2β + σ + 1)(2β + 1)
32σβ
v0Lmρ
1−σ
1+β . (38)
If L0 > Lcr particles are magnetized, and
D(L0) =
pi
3(1− β)v0rL.
Using the dependence rL(L0) we calculate
D2 =
∫ Lm
Lcr
dL0 f(L0)D(L0) =
pi
3(1− β)σv0rm
∫ Lm
Lcr
dL0
Lσ−10
Lσm
(Lm
L0
)β
=
σ
6(1− β)(β − σ)v0Lm
(
ρ
1+σ
1+β − ρ
)
9Thus, the average diffusion coefficient for particles with
ρ < 1 is
〈D〉 = v0Lm
[ (2β + σ + 1)(2β + 1)
32σβ
ρ
1−σ
1+β
+
σ
6(1− β)(β − σ) (ρ
1+σ
1+β − ρ)
]
. (39)
For small values of the index σ the second term is negli-
gible, so the diffusion coefficient depends on the magnetic
rigidity as D ∝ R(1−σ)/(1+β). Since we consider σ > 0,
the index (1− σ)/(1 + β) < 3/4 for β = 1/3. So, for the
Kolmogorov spectrum β = 1/3 and σ = 1/15 the value of
the index is 0.7, which corresponds to observations [16].
The function 〈D(ρ)〉 (39) for β = 1/3, σ = 1/15 is
plotted in the figure 5. One can see that it hardly differs
from the law 〈D〉 ∝ r(1−σ)/(1+β)m = r0.7m . Thus, regions
of relatively small sizes, L0 < Lcr, where particles are
non-magnetized, give the main contribution to spatial
diffusion of particles with ρ < 1. Large regions, L0 > Lcr,
where particles spend large time, give the contribution to
diffusion at least
16σ2β
3(1− β)(2β + σ + 1)(2β + 1)(β − σ) ≃ 10
−2
times less. For Lm ≃ 100 pc, Bm ≃ 10−4 G, β = 1/3
and σ = 1/15 the diffusion coefficient (39) for particles
with energy ≃ 10 GeV is of the order of 1.5×1028 cm2/s,
which is in agreement with observations [16].
As for particles with large Larmor radius, rm >
Lm/(2pi), the diffusion coefficient for them is propor-
tional to the square of the magnetic rigidity (which is
proportional to its energy)
〈D〉 = (2β + σ + 1)(2β + 1)
32σβ
v0Lmρ
2. (40)
However, for Lm ≃ 100 pc and Bm ≃ 10−4 G condi-
tion rm > Lm/(2pi) corresponds to protons with ener-
gies E > 1016 eV. Particles with such energies are poorly
trapped in the Galaxy disk and fill the halo.
V. DISCUSSION
We have considered the motion of charged particles in
a random force-free magnetic field, curlB = αB. Such
random field can be represented as a superposition of the
different magnetic cells. In each cell magnitude of the
magnetic field is constant. The direction of the magnetic
field is parallel to one plane, but the direction changes
with the coordinate perpendicular to this plane. The
characteristic scale of field variation is l = 2pi/α.
The character of the particle motion in arbitrary mag-
netic field is known only in two cases: 1) when rL ≪ l
and 2) when rL ≫ l. In the first case the particle motion
consists of motion along the magnetic field, cyclotron ro-
tation and drift in the transverse direction (gradient drift
FIG. 5. The diffusion coefficient 〈D(ρ)〉 (39) for β = 1/3,
σ = 1/15 (solid line). Dashed line shows the function ∝ ρ0.7.
and curvature drift). In the opposite limit the particle
moves almost in a straight line and slightly deviates in
the direction perpendicular to the magnetic field.
In our model of the force-free magnetic field the parti-
cle motion in one magnetic cell can be exactly described
even in the case when the Larmor radius rL is of the
order of l. In this case particle performs nonlinear os-
cillations in the direction perpendicular to the plane in
which a magnetic field line lies. Some particles (trapped
particles) perform the finite motion transforming to the
cyclotron rotation for κ≫ 1. The period of their motion
is equal to the period of the cyclotron rotation 2pi/ωc only
in the limit rL ≪ l. The period of motion increases as the
ratio rL/l approaches unity. On the separatrix, κ = 1,
(see the equation (16)) the period is infinite. Further, for
κ < 1 the particle freely moves in the direction of the
field gradient (untrapped particles). Thus, we continu-
ously trace a transition from magnetized to free motion.
We found the contribution of the motion of particles
in a single magnetic cell in their diffusion coefficient D
by averagingD over the initial coordinates and velocities
of particles. We consider initial velocities to be equally
probable. The answer depends only on the dimensionless
parameter a = αv0/ωc, which is the ratio of the cyclotron
radius to the length l of the field inhomogeneity.
Next, we average the diffusion coefficient over the spec-
trum of the magnetic field, assuming it to have a power
form (25). It turns out, that the diffusion of particles is
mainly determined by the Larmor radius rL of particle
rotation in the large-scale field and its maximum scale
L0. The spectral index β enters only in the factor before
the diffusion coefficient. We find that diffusion coefficient
is proportional to the Larmor radius of the particle, rL,
for rL < L0/2pi for all reasonable spectral indices β, and
decreases with the Larmor radius for rL > L0/2pi. How-
ever, for particles with a large Larmor radius rL > L0/2pi
this approach does not take into account that particle
motion acquires diffusion character only when particle
travels a long path s ≫ L0. For such particles the dif-
fusion coefficient can be calculated in the framework of
another approach. Mean free path is determined by the
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angular diffusion coefficient Dφ (9), and the spatial diffu-
sion coefficient is proportional to r2L. Thus, if a random
magnetic field is a superposition of regions with the same
size L0 and the same value of large-scale magnetic field
BLS , the diffusion coefficient of particles is presented by
the formula (31). It is linear, then quadratic dependence
on Larmor radius in the large scale field.
We also discuss the motion of cosmic rays in the
Galaxy, where the parameters BLS and L0 of different
regions vary in the wide ranges. Therefore we must av-
erage the motion of a particle over different regions. We
assume that the large-scale field distribution has the same
spectral index as the small-scale field (25). We suppose
that the distribution function over scales also has a power
law form, f(L0) ∝ L−1+σ0 , σ < 1. After averaging we
found that the diffusion coefficient depends on the par-
ticle Larmor radius as D ∝ r(1−σ)/(1+β)L . For β = 1/3
(Kolmogorov spectrum) and σ = 1/15 (the distribution
over scales is practically flat, also called the Harrison-
Zel’dovich spectrum [17, 18] we obtain the spectral index
D ∝ r0.7L , which consistent with observations of cosmic
rays diffusion in the Galaxy.
AKNOWLEGEMENTS
We thank D. Chernyshov for useful discussions. We
grateful to the referee for instructive comments, which
helped us to find a new straightforward way to get an
answer. This work was done under support of the Rus-
sian Foundation for Basic Research (grant numbers 17-
02-00788).
[1] Plotnikov I., Pelletier G., Lemoine M., Astron. Astro-
phys. 532, A68 (2011)
[2] Jokipii J.R., ApJ 146, 480 (1966)
[3] Shalchi A., Skoda T., Tautz R. C., Schlickeiser R., As-
tron. Astrophys. 507, 589 (2009)
[4] Matthaeus W. H., Qin G., Bieber J. W., Zank G. P., ApJ
590, L53 (2003)
[5] Dogiel V.A., Gurevich A.V., Istomin Ya.N., Zybin K.P.,
MNRAS 228, 843 (1987)
[6] Zirakashvili V.N., Ptuskin V.S., Astropart. Phys. 39, 12
(2012)
[7] Bohm D., Burhop E., The characteristics of electric
discharges in magnetic fields, McGraw-Hill, New York
(1949)
[8] Casse F., Lemoine M., Pelletier G., Phys. Rev. D 65,
023002 (2002)
[9] Snodin A.P., Shukurov A., Sarson G.R., Bushby P.J.,
Rodrigues L.F.S., MNRAS 457, 3975 (2016)
[10] Hussein M., Shalchi A., ApJ 785, 31 (2014)
[11] Beresnyak A., Yan H., Lazarian A., ApJ 728, 60 (2011)
[12] Cohet R., Marcowith A., Astron. Astrophys. 588, A73
(2016)
[13] Shukurov A.; Snodin A.P., Seta A., Bushby P.J.; Wood
T.S., ApJ 839, L16 (2017)
[14] Schekochihin A.A., Boldyrev S.A., Kulsrud R. M., ApJ
567, 828 (2002)
[15] Istomin Ya.N., Kiselev A., MNRAS 436, 2774 (2013)
[16] Berezinskii V. S., Bulanov S. V., Dogiel V. A., Ptuskin
V. S., Astrophysics of cosmic rays, Edited by Ginzburg
V.L., North-Holland, Amsterdam (1990)
[17] Harrison E.R., Phys. Rev. D 1, 2726 (1970)
[18] Zel’dovich Ya.B., MNRAS, 160, 1 (1972)
